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ABSTRACT
We study one-loop effective action of Berkooz-Douglas Matrix theory and obtain non-
abelian action of D0-branes in the longitudinal 5-brane background. In this paper, we
extend the analysis of hep-th/0201248 and calculate the part of the effective action con-
taining fermions. We show that the effective action is manifestly invariant under the
loop-corrected SUSY transformation, and give the explicit transformation laws. The ef-
fective action consists of blocks which are closed under the SUSY, and it includes the
supersymmetric completion of the couplings to the longitudinal 5-branes proposed by
Taylor and Van Raamsdonk as a subset.
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1 Introduction
The fact that multiple D-branes are described by the matrix valued coordinates led to
many surprising effects. Especially, Dp-branes are allowed to couple to Ramond-Ramond
forms of higher degree than p+1 [1, 2]. Due to those couplings, non-commutative config-
urations are stabilized in the presence of certain background fields, which are interpreted
as the D-branes having finite extent [2]. To study such intrinsically stringy effects, precise
understanding of the effective action of multiple D-branes in background fields is needed.
It is well known that a single D-brane in the low acceleration limit is described by the
Born-Infeld action which includes all the α′ corrections. However, it is not clear how to
generalize it to the case of multiple D-branes which have non-abelian gauge symmetries.
In the flat background, the effective action of N coincident D-branes is given by the
maximally supersymmetric U(N) Yang-Mills theory in the small α′ limit, but the terms
of higher orders in α′ are not well-understood.
Supersymmetrization of multiple D-brane action including these higher order terms is
also a hard problem. In the abelian case, there exists κ-symmetric formulation [3, 4] which
gives a supersymmetric action after gauge fixing the world-volume diffeomorphism and
the κ-symmetry [4], but an attempt to define κ-symmetry with non-abelian parameter [5]
does not seem successful [6]. Studies for obtaining α′ corrections to the SYM at the
first few orders including the fermionic part is being done from various standpoints (see
the references cited below for current status): i) from the calculation of open string disk
amplitudes [6]; ii) by constructing the invariants with respect to the α′-corrected SUSY
transformation [7, 8]; iii) by requiring the existence of certain BPS states which are present
in string theory [9].
When we consider multiple D-branes in non-trivial backgrounds, determining the ac-
tion is further difficult. Background fields should be regarded as a function of matrix fields
somehow, but the principles for doing so is not clear. As for the supersymmetrization,
there is practically no knowledge up to now.
Effective action of Matrix theory [10] gives insight for the multiple D-brane action.
Taylor and Van Raamsdonk studied the effective action of BFSS Matrix theory in detail
and found the terms which can be interpreted as the supergravity interactions. From
those terms, they read off the coupling of D-branes to weak background fields, and fur-
ther proposed a form of the couplings to general weak background fields [11, 1, 12, 13].
Those couplings were applied to various contexts, including the gauge-theory calculation
of the absorption cross section of dilaton higher partial waves by D3-branes, which exactly
reproduces the semiclassical supergravity results [14].
The subject of our paper is Matrix theory proposed by Berkooz and Douglas [15], which
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is the matrix model for M-theory in the presence of longitudinal(L) 5-branes. Berkooz-
Douglas(BD) Matrix theory is defined by the 0-4 string and 0-0 string sectors of the SYM
describing D0-D4 system. In a previous paper [16], we performed one-loop integration
of 0-4 fields and obtained the bosonic part of the non-abelian action of D0-branes. We
found that the action consists of the terms given from the general proposal of Taylor and
Van Raamsdonk by substituting the L5-brane backgrounds, plus the corrections involving
extra commutators. Since L5-branes are degrees of freedom which are not present in BFSS
Matrix theory, the fact that the proposed couplings were exactly reproduced is regarded
as a non-trivial evidence for the consistency of the BFSS and BD matrix models.
In this paper, extending the analysis of ref.[16], we calculate the one-loop effective
action of BD Matrix theory and obtain non-abelian effective action of D0-branes includ-
ing the part containing fermionic fields. Especially, we reveal the consequence of the
supersymmetry of the classical action. We point out that the one-loop effective action
is manifestly invariant under effective SUSY transformation. The transformation law is
given simply by the one-loop expectation value of the classical SUSY transformation law.
By examining the transformation rules, we decompose the terms into the blocks which
close within themselves under the transformation. Among these blocks, we identify the su-
persymmetric completion of the bosonic terms given by the Taylor and Van Raamsdonk’s
proposal applied to the longitudinal 5-brane background.
This paper is organized as follows. In section 2, we review the action and SUSY
transformation of BD Matrix theory. In section 3, after explaining the method of the
loop calculation, we present the results for the fermionic terms of the effective action.
In section 4, we discuss the SUSY of the effective action. We conclude with remarks on
the directions for future studies in section 5. We summarize the representation of spinors
and gamma matrices adopted in this paper in Appendix A, and derive the invariance of
one-loop effective action under the loop-corrected SUSY transformation in Appendix B.
2 Berkooz-Douglas Matrix theory
The action of Berkooz-Douglas Matrix theory is given by the 0-0 and 0-4 string sectors
of the SYM which describe the D0-D4 bound state. In the case of N D0-branes and N4
D4-branes, the theory has U(N) gauge symmetry and U(N4) global symmetry (which is
not gauged, for the gauge fields on D4-branes are discarded). The action is based on the
D=6 N=1 SYM and reads as follows.
S = S0 + S5 (2.1)
2
S0 =
1
gsℓs
∫
dtTr
(1
2
D0XiD0Xi +
1
4λ2
[Xi, Xj ]
2 − iθ†−D0θ− − iθ†+D0θ+
+
1
λ
θ†−γ
0γa[θ−, Xa] +
1
λ
θ†+γ
0γa[θ+, Xa] +
1
λ
θ†+γ
0[θ−, φ2]− 1
λ
θ†−γ
0[θ+, φ¯2]
+
1
λ
θ+C[θ−, φ1] +
1
λ
θ†+C
∗[θ†−, φ¯1]
)
(2.2)
S5 =
1
gsℓs
∫
dt
(
(D0vI)
†D0vI − 1
λ2
v†I(Xa)
2vI − iχ†D0χ− 1
λ
χ†γ0γaXaχ
− 1
2λ2
{v†1([φ1, φ¯1] + [φ2, φ¯2])v1 − v†2([φ1, φ¯1] + [φ2, φ¯2])v2 − 2v†2([φ¯1, φ¯2])v1
+2v†1([φ1, φ2])v2} −
√
2
λ
{χ†γ0θ−v1 − χ†C∗θ†−v2 − v†1θ†−γ0χ+ v†2θ−Cχ}
− 1
2λ2
{(v†1v1)(v†1v1) + (v†2v2)(v†2v2)− 2(v†1v2)(v†2v1) + 4(v†1v1)(v†2v2)}
)
(2.3)
where we use the indices a, b = 5, . . . , 9 for the space transverse to the D4-branes, m,n =
1, . . . , 4 for the space along the D4-branes, and i, j = 1, . . . , 9 to denote both of them.
Dimensionful parameter λ is defined by λ = 2πℓ2s.
The part S0 is the terms containing only the 0-0 sector fields (Xa, φ1, φ2, θ−, θ+),
which is nothing but the BFSS action, i.e. the dimensional reduction of D=10, N = 1
SYM. The 0-0 sector fields are in the adjoint rep. of U(N) and are singlets of U(N4).
Covariant derivatives for those fields are defined as D0Xi = ∂0Xi + i[A,Xi]. Note that
we have defined the complex combination of Xm by (φ1, φ2) = (X1 + iX2, X3 + iX4), and
that the fermions are expressed as 6D Weyl spinors, which have 4 complex components.
As in the previous paper [16], we do not use the SU(2) Majorana convention, for we
prefer unconstrained fermions for the loop calculations. The subscripts on the spinors
θ+, θ− denote the positive and negative 6D chiralities, respectively (γθ± = ±θ±, where
γ = γ0γ1 . . . γ5). The matrix C is the charge conjugation matrix. We also use the
‘complex conjugation matrix’ B. See Appendix A for our conventions for spinors and
gamma matrices, the relation between 10D and 6D notations, and the definitions of C
and B. We note the reader that in this paper, the transpose of the spinor indices is
not indicated explicitly. For example, θ+C[θ−, φ1] in eq.(2.2) means θ
t
+C[θ−, φ1] where t
denotes the transpose of spinor indices (but not of gauge indices).
The additional part S5 contains the 0-4 sector fields (vI , χ). These fields are given
by the hypermultiplets of the 6D theory which consist of 2 complex bosons vI (I = 1, 2)
and a complex spinor χ with positive 6D chirality (γχ = +χ). Both of them are in
the bi-fundamental rep. of U(N)×U(N4). Covariant derivatives are defined as D0vI =
∂0vI + iAvI . We remark here that only half of the 0-0 sector fermions (θ−) couple to the
0-4 sector fields.
This model has half the amount of supersymmetry as the BFSS model. The SUSY
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parameter η is a complex 6D spinor with negative chirality, thus the number of (real)
supercharges is 8. The SUSY transformation law is given as follows. The 0-0 sector fields
transform as
δA = δ(0)A =
i
λ
(η†θ− − θ†−η), δXa = δ(0)Xa = i(η†γ0γaθ− − θ†−γ0γaη),
δφ1 = δ
(0)φ1 = −2iη†C∗θ†+, δφ2 = δ(0)φ2 = −2iη†γ0θ+,
δθ+ = δ
(0)θ+ = D0φ¯1C
∗η† +D0φ2γ
0η +
i
λ
[Xa, φ¯1]B
∗γa∗η† +
i
λ
[Xa, φ2]γ
aη,
δθ− = δ
(0)θ− + δ
′θ− (2.4)
where
δ(0)θ− = D0X
aγ0γaη +
i
2λ
[Xa, Xb]γ
abη − i
2λ
([φ1, φ¯1] + [φ2, φ¯2])η +
i
λ
[φ¯1, φ¯2]B
∗η†, (2.5)
δ′θ− =
i
λ
(−v1v†1 + v2v†2)η −
2i
λ
(v2v
†
1)B
∗η†. (2.6)
We have denoted δ(0) the part of the transformation laws which does not contain 0-4
sector fields in the RHS. It is the same as the transformation law for the BFSS theory,
except for the fact that the parameter is restricted to γη = −η now. Only δθ− has extra
contribution δ′θ− containing 0-4 sector fields. The transformation law for the 0-4 sector
fields is as follows
δv1 = i
√
2η†γ0χ, δv2 = −i
√
2ηCχ,
δχ = −
√
2(D0v2γ
0B∗η† +D0v1γ
0η)−
√
2i
λ
Xaγ
a(v2B
∗η† + v1η). (2.7)
3 One-loop effective action
3.1 Method of the perturbative calculation
We obtain the effective action as the one-loop determinant (Berezinian) of the fluctuations.
It is obtained from the part of the action quadratic in the fluctuations
S(quad) = v†Kbosv + v
†K†mixχ+ χ
†Kmixv + χ
†Kfermiχ
= (v† + χ†KmixK
−1
bos)Kbos(v +K
−1
bosK
†
mixχ) + χ
†(Kfermi −KmixK−1bosK†mix)χ
as
S(1) = lnDetKbos − lnDetKfermi − lnDet(1−K−1fermiKmixK−1bosK†mix). (3.1)
We perform the calculations in the Euclidean formulation (τ = it, S(M) → S(E) = iS(M))
and rotate the result to Minkowski. Note that indices and the integration symbols are
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implicit in the above equations and eq.(3.2) below. The first two terms of (3.1) are the
ones obtained in the previous paper [16]. We calculate
Γmix ≡ Tr ln(1−K−1fermiKmixK−1bosK†mix)
= Tr
∞∑
ℓ=1
1
ℓ
(K−1bosK
†
mixK
−1
fermiKmix)
ℓ (3.2)
in this paper.
The calculation is performed using a perturbative expansion. We first separate the
backgrounds for bosonic matrices as
(X0, Xm, Xa) = (Xˆ0, Xˆm, ra + Xˆa) (3.3)
where ra are constants proportional to the identity matrix. (X0 is the Euclidean contin-
uation of A which is defined by X0 = −iλA.) We divide the action S(quad) into the ‘free’
part, which does not contain Xˆ or fermion background Θ, and the interaction vertices.
The free part is given by
S(free) =
1
gsℓs
∫
dτ
{
v†
(
−∂2τ +
r2
λ2
)
v + χ†
(
−∂τ + 1
λ
γ˜ara
)
χ
}
(3.4)
where γ˜a = γ0γa. The propagators are determined from (3.4) as
〈vI,AA˜(τ)v†J,BB˜(τ ′)〉 = (gsℓs)δIJδABδA˜B˜
∫
dk
2π
eik(τ−τ
′)
k2 + r′2
≡ (gsℓs)δIJδABδA˜B˜∆(τ − τ ′). (3.5)
〈χα,AA˜(τ)χ†β,BB˜(τ ′)〉 = (gsℓs)δABδA˜B˜
∫ dk
2π
eik(τ−τ
′)
k2 + r′2
(r′/+ ik)αβ
= (gsℓs)δ
ABδA˜B˜ (∂τ + r
′/)αβ ∆(τ − τ ′) (3.6)
where A,B are the U(N) indices, A˜,B˜ are the U(N4) indices and α, β, . . . (= 1, . . . , 8) are
the 6D spinor indices. We have also defined r′ = r/λ and r′/ = γ˜ara/λ.
Boson-boson vertices are
S
(int)
bos =
1
gsℓs
∫
dτ
1
λ2
v†IVIJ(τ)vJ (3.7)
where
V11 = (2raXˆa + Xˆ
2
a + Xˆ
2
0 − iλ∂τ Xˆ0 − 2iλXˆ0∂τ ) +
1
2
([φ1, φ¯1] + [φ2, φ¯2])
V22 = (2raXˆa + Xˆ
2
a + Xˆ
2
0 − iλ∂τ Xˆ0 − 2iλXˆ0∂τ )−
1
2
([φ1, φ¯1] + [φ2, φ¯2])
V12 = [φ1, φ2], V21 = −[φ¯1, φ¯2]. (3.8)
5
Fermion-fermion vertices are
S
(int)
fermi =
1
gsℓs
∫
dτ
1
λ
χ†(γ˜aXˆa − iXˆ0)χ (3.9)
Boson-fermion mixed vertices are
S
(int)
mix =
1
gsℓs
∫
dτ
√
2
λ
{
χ†αLIαvI + v
†
IL
†
Iαχα
}
(3.10)
where
L1α = (γ
0θ−)α, L
†
1α = −(θ†−γ0)α,
L2α = −(C∗θ†−)α, L†2α = (θ−C)α. (3.11)
The quadratic part of the action is given by S(quad) = S(free) + S
(int)
bos + S
(int)
fermi + S
(int)
mix , and
the effective action is derived from the general expression (3.2). Note that Kbos (or Kfermi)
is read from (3.4) and (3.7) (or from (3.4) and (3.9)). Also, Kmix is read from (3.10).
We treat the vertices as an expansion around a reference time τ and obtain the effective
action as a double expansion in the number of vertices and the number of derivatives,
following the procedure described in ref.[16]. Explicit form of the two-fermion (two L)
terms of the effective action is given as‡
Γθ2 =
∞∑
m,n=0
∞∑
Di=0
(
n+m+2∏
i=2
1
Di!
)
(−1)(n+m) 2
λm+2n+2
×
∫
dτ Tr
(
VI1,I2V
(D2)
I2,I3 · · ·V (Dn)In,In+1L†(Dn+m+1)In+1,α Xˆ(Dn+1)a1 · · · Xˆ(Dn+m)am L(Dm+n+2)I1,β
)
×
∫
dk
2π
[
1
k2 + r′2
(i∂k)
D2
{ 1
k2 + r′2
· · · (i∂k)Dn+m+1
{ r′/+ ik
k2 + r′2
γ˜a1(i∂k)
Dn+1
{
· · · γ˜am(i∂k)Dn+m
{ r′/+ ik
k2 + r′2
(i∂k)
Dn+m+2
1
k2 + r′2
}}}}]
αβ
(3.12)
For Di = 0, this reduces to
Γ
(d=0)
θ2 =
∞∑
m,n=0
(−1)(n+m) 2
λm+2n+2
∫
dτ Tr
(
VI1,I2 · · ·VIn,In+1L†In+1,αXˆa1 · · · XˆamLI1,β
)
×
∫
dk
2π

 1
(k2 + r′2)n
(
r′/+ ik
k2 + r′2
γ˜a1
r′/+ ik
k2 + r′2
· · · γ˜am r
′/+ ik
k2 + r′2
)
αβ
1
k2 + r′2

 . (3.13)
In the above equations, we have assumed Xˆ0 = 0. The dependence of the effective action
on Xˆ0 can be recovered by replacing ∂τ with the covariant derivative ∂τ + i[Xˆ0, ], or
can be directly calculated with a slight modification of the above prescription due to the
presence of the derivative interaction vIXˆ0∂τvI .
‡see ref.[16] for the terms which do not contain fermions and for more details on the derivation.
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3.2 Fermionic terms of the one-loop effective action
Following the method explained above, we calculate the part of the effective action con-
taining fermionic backgrounds. We describe the θ2 terms in detail in section 3.2.1, and
briefly discuss the terms with more θ’s in section 3.2.2. The results are presented in Eu-
clidean signature. The rule for obtaining the Minkowskian effective action from Γ given
below is to replace
∫
dτ with
∫
dt, and Dτ with −iD0.
Interaction starts at 1/r3 order. Note that only θ− (but not θ+) appear non-trivially
in the effective action, for only θ− couple to the quantum fields v or χ as we have seen in
section 2.
3.2.1 θ2 terms
We summarize the result of θ2 terms of the effective action Γθ2(Xˆ
N
i , d) up to N + d < 4,
where N and d are the numbers of Xˆi’s and derivatives contained in Γ, respectively. We
present the result by assembling the terms with the same property.
There are two sets of terms which can be regarded as having similar structures as the
θ− part of the classical action:
Γθ2(d=0)A = −N4
4
1
r3
∫
dτ Tr (θ†−γ˜
a[Xˆa, θ−]− [Xˆa, θ†−]γ˜aθ−) (3.14)
+
3N4
4
rb
r5
∫
dτ STr (θ†−γ˜
a[Xˆa, θ−]− [Xˆa, θ†−]γ˜aθ− ; Xˆb) (3.15)
+
3N4
8
1
r5
∫
dτ STr (θ†−γ˜
a[Xˆa, θ−]− [Xˆa, θ†−]γ˜aθ− ; (Xˆb)2) (3.16)
−15N4
8
rbrc
r7
∫
dτSTr (θ†−γ˜
a[Xˆa, θ−]−[Xˆa, θ†−]γ˜aθ− ; Xˆb, Xˆc), (3.17)
Γθ2(d=1)A =
N4λ
4
1
r3
∫
dτ Tr (θ†−Dτθ−−Dτθ†−θ−) (3.18)
−3N4λ
4
rb
r5
∫
dτ STr (θ†−Dτθ−−Dτθ†−θ− ; Xˆb) (3.19)
−3N4λ
8
1
r5
∫
dτ STr (θ†−Dτθ−−Dτθ†−θ− ; (Xˆb)2) (3.20)
+
15N4λ
8
rbrc
r7
∫
dτ STr (θ†−Dτθ−−Dτθ†−θ− ; Xˆb, Xˆc). (3.21)
Here STr(K1 · · ·Km; y1, y2, · · · , yn) means that the trace operation is taken after sym-
metrizing all Ki’s and yj ’s but keeping the location of K1 and the order of Ki’s. Note
that each Ki is Xˆa, Xˆm, θ−, or commutators (or covariant derivatives) of them. For
example,
STr (θ†−Dτθ− ; Xˆb, Xˆc) =
1
6
Tr (θ†−Dτθ−XˆbXˆc + θ
†
−XˆbXˆcDτθ− + θ
†
−XˆbDτθ−Xˆc
7
+θ†−Dτθ−XˆcXˆb + θ
†
−XˆcXˆbDτθ− + θ
†
−XˆcDτθ−Xˆb).
The terms in Γθ2(d=0)A and Γθ2(d=1)A are given by the non-abelian Taylor expansion
of the leading terms (3.14) and (3.18)
1
r3
→ 1
r3
− 3
r5
raXˆa +
1
2
(
−3δab
r5
+ 15
rarb
r7
)
XˆaXˆb + · · · ,
and following the symmetrized trace prescription [1, 2], except for the fact that (3.16)
and (3.20) are of the form STr( ∗ ; (Xˆb)2) rather than STr( ∗ ; Xˆb, Xˆb). Further discus-
sion on the ordering of matrices will be given in the next section when we consider the
supersymmetry of the effective action.
Terms with multiple number of gamma matrices are given as follows:
Γθ2(d=0)B =
3N4ra
16 r5
∫
dτ Tr (θ†−γ˜
aa1a2 [Xˆa1 , Xˆa2 ]θ− + θ
†
−γ˜
aa1a2θ−[Xˆa1 , Xˆa2]) (3.22)
+
3N4
16 r5
∫
dτ Tr (θ†−γ˜
a1a2a3 [Xˆa1 , Xˆa2]Xˆa3θ− + θ
†
−γ˜
a1a2a3θ−[Xˆa1 , Xˆa2 ]Xˆa3) (3.23)
− 15N4
16
rarb
r7
∫
dτ STr (θ†−γ˜
aa1a2 [Xˆa1 , Xˆa2 ]θ− + θ
†
−γ˜
aa1a2θ−[Xˆa1 , Xˆa2 ] ; Xˆb), (3.24)
Γθ2(d=1)B = −3N4λ
8
rb
r5
∫
dτ Tr (θ†−γ˜
abDτXˆaθ− + θ
†
−γ˜
abθ−DτXˆa) (3.25)
−3N4λ
16
1
r5
∫
dτ Tr (θ†−γ˜
abXˆbDτXˆaθ− + θ
†
−γ˜
abDτXˆaXˆbθ−
+θ†−γ˜
abθ−XˆbDτXˆa + θ
†
−γ˜
abθ−DτXˆaXˆb) (3.26)
+
15N4λ
8
rbrc
r7
∫
dτ STr (θ†−γ˜
acDτXˆaθ− + θ
†
−γ˜
acθ−DτXˆa ; Xˆb). (3.27)
In addition, there are commutator corrections to Γθ2(d=0, 1)A,B:
Γθ2(d=0)C =
3N4
16r5
∫
dτ Tr(θ†−γ˜
b[Xˆa, [Xˆa, Xˆb]]θ−−θ†−γ˜bθ−[Xˆa, [Xˆa, Xˆb]]) (3.28)
Γθ2(d=1)C =
3N4λ
16r5
∫
dτ Tr(θ†−[[Xˆa, θ−], DτXˆa] + [[θ
†
−, Xˆa], DτXˆa]θ−) (3.29)
+
N4λ
32r5
∫
dτ Tr(Dτθ
†
−γ˜
ab[[Xˆa, Xˆb], θ−]−[θ†−, [Xˆa, Xˆb]]γ˜abDτθ−) (3.30)
Terms containing Xˆm are collected as:
Γθ2(d=0)φ = −3N4ra
16 r5
∫
dτ Tr (Θ†−[Xˆm, Xˆn]Γ
0aΓmnΘ−) (3.31)
− 3N4
16 r5
∫
dτ Tr (Θ†−[Xˆm, Xˆn]Γ
0aΓmnΘ−Xˆa) (3.32)
+
15N4
16
rarb
r7
∫
dτ STr (Θ†−[Xˆm, Xˆn]Γ
0aΓmnΘ− ; Xˆb), (3.33)
Γθ2(d=1)φ =
N4λ
16 r5
∫
dτ Tr (DτΘ
†
−[Xˆm, Xˆn]Γ
mnΘ−−Θ†−[Xˆm, Xˆn]ΓmnDτΘ−).(3.34)
8
Note that we have used the notation of 10D gamma matrices and spinors to write (3.31)-
(3.34). The expressions in 6D notation is given by substituting the particular representa-
tion (A.2) and (A.3) of 10D gamma matrices and the parametrization (A.4) of Majorana-
Weyl spinor Θ setting θ+ = 0. For example, (3.31) is written in 6D notation as
+
3N4ra
16 r5
∫
dτ Tr
{
θ†−γ˜
aθ−([φ1, φ¯1] + [φ2, φ¯2]) + θ
†
−([φ1, φ¯1] + [φ2, φ¯2])γ˜
aθ−
−2θ−B[φ1, φ2]γ˜aθ− − 2θ†−[φ¯1, φ¯2]γ˜aB∗θ†−
}
.
Terms in Γθ2(d=0)B, Γθ2(d=1)B and Γθ2(d=0)φ have the structure of non-abelian Taylor
expansion of ra/r
5:
ra
r5
→ ra
r5
+
(
δab
r5
− 5rarb
r7
)
Xˆb + · · · .
They obey symmetrized trace prescription except for 1/r5-terms (3.23), (3.26) and (3.32),
as in the case of Γθ2(d = 0, 1)A.
There also exist terms with two derivatives:
Γθ2(d=2) =
N4λ
2
8r5
∫
dτ Tr(Dτθ
†
−γ˜
a[Xˆa, Dτθ−]− 2θ†−γ˜a[D2τXˆa, θ−]). (3.35)
This completes the analysis of Γθ2(Xˆ
N
i , d) for N + d < 4.
To summarize, we obtained
Γθ2 = Γθ2(d=0, 1)A + Γθ2(d=0, 1)B + Γθ2(d=0, 1)φ
+Γθ2(d=0, 1)C + Γθ2(d=2) +O(DdτXˆNθ2;N+d ≥ 4) (3.36)
for two-fermion part of the one-loop effective action.
3.2.2 θ2n terms
The leading terms of Γθ2n are given by
Γθ2n((Xˆ)
0, d=0) = N4
(
2
λ2
)n 1
n
∫
dτ Tr(L†Inα1LI1β1L
†
I1α2LI2β2 · · ·L†In−1αnL†Inβn)
×
∫
dk
2π


(
r′/+ ik
k2 + r2
)
α1β1
(
r′/+ ik
k2 + r2
)
α2β2
· · ·
(
r′/+ ik
k2 + r2
)
αnβn


∝ N4λ
n−1
r3n−1
∫
dτ Tr(θ2n− ). (3.37)
For example, four-fermion terms without Xi insertions are given as
Γθ4((Xˆ)
0, d=0)
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= −N4λ
16
1
r5
∫
dτ Tr
[
(θ†−θ−)(θ
†
−θ−) + (θ−θ
†
−)(θ−θ
†
−)− 2(θ−Bθ−)(θ†−B∗θ†−)
]
+
5N4λ
16
rarb
r7
∫
dτ Tr
[
(θ†−γ˜aθ−)(θ
†
−γ˜bθ−) + (θ−γ˜
∗
aθ
†
−)(θ−γ˜
∗
b θ
†
−)
−2(θ−Bγ˜aθ−)(θ†−γ˜bB∗θ†−)
]
. (3.38)
This does not vanish unlike the case of Γθ2 .
4 Supersymmetry of the effective action
In this section, we discuss the supersymmetry of the effective action. The one-loop effec-
tive action which was obtained by integrating out the 0-4 sector fields satisfies the Ward
identity corresponding to the SUSY invariance of the classical action of BD Matrix theory.
As we show in Appendix B, at the one-loop level, the Ward identity can be written in the
form
δ(1)S0 + δ
(0)S(1) = 0 (4.1)
which states the invariance of the effective action under an effective SUSY transformation.
Let us explain the meaning of (4.1). The tree action S0 is the part of BD action
containing only the 0-0 sector fields which is given in (2.2) and is the same as the BFSS
action. It is invariant under the SUSY transformation which does not involve 0-4 sector
fields δ(0)S0 = 0. The transformation law for δ
(0), which we call the tree-level SUSY
transformation is given by (2.4) with a replacement Xa → Xˆa. Remember that we have
divided the background Xa as Xa = ra + Xˆa in (3.3). In our construction, only Xˆa is
transformed and ra is kept fixed.
§ The discussion in Appendix B shows that δ(1) is given
simply by the one-loop expectation value of the SUSY transformation for the classical
action. Since only δθ− has the part containing the quantum fields (δ
′θ− defined in (2.6)),
only δ(1)θ− is non-zero and is given by
δ(1)θ− = 〈δ′θ−〉
=
i
λ
[
(− 〈v1v†1〉+ 〈v2v†2〉)η− − 2〈v2v†1〉B∗η†
]
. (4.2)
§This assignment is possible without losing generality. Note that we have not imposed the tracelessness
for Xˆa.
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4.1 Explicit forms of the one-loop corrected SUSY transforma-
tion
We give the one-loop corrected SUSY transformation of θ− by explicitly calculating (4.2).
Results at order 1/r3 and 1/r4 are given respectively as
1
gsls
δ(1)θ−|1/r3 = i
N4
4r3
{
([φ1, φ¯1] + [φ2, φ¯2])η − 2[φ¯1, φ¯2]B∗η†
}
, (4.3)
1
gsls
δ(1)θ−|1/r4 = −i
3N4
4
ra
r5
{
Sym([φ1, φ¯1] + [φ2, φ¯2] ; Xˆa)η
−2 Sym([φ¯1, φ¯2] ; Xˆa)B∗η†
}
(4.4)
+ i
3N4λ
8
ra
r5
{
(θ†−γ˜
aθ− − θ−γ˜a∗θ†−)η − 2(θ−Bγ˜aθ−)B∗η†
}
. (4.5)
Here Sym(K1 · · ·Km; y1, · · · , yn) is the symmetrization of all Ki’s and yj’s without chang-
ing the order of Ki’s. Note that there is a relation
STr(K1K2 · · ·Km; ∗ ) = Tr (K1Sym(K2 · · ·Km; ∗ )).
For order 1/r5, we divide the result into two parts δ(1)θ−|1/r5 = δ(1)θ−|(a)1/r5 +δ(1)θ−|(b)1/r5 :
1
gsls
δ(1)θ−|(a)1/r5
= −i 3N4
8 r5
{
Sym([φ1, φ¯1] + [φ2, φ¯2] ; (Xˆa)
2)η − 2 Sym([φ¯1, φ¯2] ; (Xˆa)2)B∗η†
}
(4.6)
+i
15N4
8
rarb
r7
{
Sym([φ1, φ¯1]+[φ2, φ¯2] ; Xˆa, Xˆb)η−2 Sym([φ¯1, φ¯2] ; Xˆa, Xˆb)B∗η†
}
(4.7)
+i
3N4λ
8 r5
{
(θ†−γ˜
bXˆbθ−− θ−Xˆbγ˜b∗θ†−)η− 2(θ−Bγ˜bXˆbθ−)B∗η†
}
(4.8)
−i 15N4λ
8
rarb
r7
{
Sym(θ†−γ˜
aθ−− θ−γ˜a∗θ†− ; Xˆb)η− 2 Sym(θ−Bγ˜aθ− ; Xˆb)B∗η†
}
(4.9)
and
1
gsls
δ(1)θ−|(b)1/r5
= i
3N4
16 r5
{
([[φ1, φ2], [φ¯1, φ¯2]])η + [[φ¯1, φ¯2], ([φ1, φ¯1] + [φ2, φ¯2])]B
∗η†
}
(4.10)
−i N4λ
2
16 r5
{
D20([φ1, φ¯1] + [φ2, φ¯2])η − 2D20([φ¯1, φ¯2])B∗η†
}
(4.11)
− N4λ
2
4 r5
{
(θ†−D0θ− −D0θ−θ†−)η − 2 (θ−BD0θ−)B∗η†
}
. (4.12)
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Note that (4.3), (4.4), (4.6) and (4.7) correspond to the first three terms of non-abelian
Taylor expansion of 1/r3 around ra. Also, (4.5), (4.8) and (4.9) correspond to the expan-
sion of ra/r
5.
Our corrected SUSY transformation closes to the translation plus a field dependent
gauge transformation [17]. By using the equations of motion for the effective action
S0 + S
(1), we have shown
[δ(0)ǫ + δ
(1)
ǫ , δ
(0)
η + δ
(1)
η ]φ
∣∣∣
1/r4
∼ (DMφ ǫ¯ΓMη) + (EOM for φ) +O((gsls)2)
up to the order 1/r4 for any field φ in S0 + S
(1).
4.2 On the structure of the supersymmetric action
In this subsection, we try to clarify the structure of the supersymmetric action which
we have obtained, by identifying the blocks which transform within themselves. Firstly,
since ra is kept fixed in the effective SUSY transformation, the invariance of the one-loop
effective action (4.1) holds at each order of 1/r. In addition, the effective action at order
1/r5 is further divided into two invariant blocks.
We shall examine the θ0- and θ2-terms at each order of 1/r¶. We include the bosonic
terms obtained in the previous paper [16]. Order 1/r3 terms of the effective action
Γ1/r3 =
λ
r3
∫
dtTr
{1
4
D0XˆaD0Xˆa +
1
8λ2
[Xˆa, Xˆb][Xˆa, Xˆb]− 1
4λ2
[φ1, φ2][φ¯1, φ¯2]
+
1
16λ2
([φ1, φ¯1] + [φ2, φ¯2])
2 − i
2
θ†−D0θ− −
1
2λ
θ†−γ˜
a[Xˆa, θ−]
}
. (4.13)
satisfy (4.1) along with (4.3).
Order 1/r4 terms of the effective action
Γ1/r4 = −3N4λra
r5
∫
dt
{
STr
(
1
4
D0XˆcD0Xˆc +
1
8λ2
[Xˆc, Xˆd][Xˆc, Xˆd]
− 1
4λ2
[φ1, φ2][φ¯1, φ¯2] +
1
16λ2
([φ1, φ¯1] + [φ2, φ¯2])
2 ; Xˆa
)
+
i
16λ
ǫaa1a2a3a4STr([Xˆa2 , Xˆa3 ]D0Xˆa4 ; Xˆa1)
+ STr
(
− i
4
(θ†−D0θ−−D0θ†−θ−)−
1
4λ
(θ†−γ˜
c[Xˆc, θ−]−[Xˆc, θ†−]γ˜cθ−) ; Xˆa
)
+Tr
(
i
8
(D0Xˆbθ
†
−γ˜
abθ− + θ
†
−D0Xˆbγ˜
abθ−)
− 1
16λ
([Xˆb, Xˆc]θ
†
−γ˜
abcθ− + θ
†
−[Xˆb, Xˆc]γ˜
abcθ−)
¶Note that Γ which are discussed in this section denote the parts of the Minkowskian effective action
S(1).
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− 1
16λ
{([φ1, φ¯1] + [φ2, φ¯2])θ†−γ˜aθ− + θ†−([φ1, φ¯1] + [φ2, φ¯2])γ˜aθ−
−2[φ1, φ2]θ−Bγ˜aθ− − 2[φ¯1, φ¯2]θ†−B∗γ˜aθ†−}
)}
(4.14)
satisfy (4.1) along with (4.4), (4.5).
By examining δ(0)S(1), we find that the following terms of the 1/r5 effective action
transform among themselves (with a certain class of terms in δ(1)S0).
Γ
(I)
1/r5 = N4λ
(
15rarb
2r7
− 3δab
2r5
)∫
dt
{
STr
(
1
4
D0XˆcD0Xˆc +
1
8λ2
[Xˆc, Xˆd][Xˆc, Xˆd]
− 1
4λ2
[φ1, φ2][φ¯1, φ¯2] +
1
16λ2
([φ1, φ¯1] + [φ2, φ¯2])
2 ; Xˆa, Xˆb
)
+
i
10λ
ǫaa1a2a3a4 STr([Xˆa2 , Xˆa3 ]D0Xˆa4 ; Xˆa1, Xˆb)
+ STr
(
− i
4
(θ†−D0θ−−D0θ†−θ−)− 1
4λ
(θ†−γ˜
c[Xˆc, θ−]−[Xˆc, θ†−]γ˜cθ−) ; Xˆa, Xˆb
)
+
i
4
STr(D0Xˆcθ
†
−γ˜
acθ− + θ
†
−D0Xˆcγ˜
acθ− ; Xˆb)
− 1
8λ
STr([Xˆa1 , Xˆa2 ]θ
†
−γ˜
aa1a2θ− + θ
†
−[Xˆa1 , Xˆa2]γ˜
aa1a2θ− ; Xˆb)
− 1
8λ
STr
(
([φ1, φ¯1] + [φ2, φ¯2])θ
†
−γ˜
aθ− + θ
†
−([φ1, φ¯1] + [φ2, φ¯2])γ˜
aθ−
−2[φ1, φ2]θ−Bγ˜aθ− − 2[φ¯1, φ¯2]θ†−B∗γ˜aθ†− ; Xˆb
)}
(4.15)
The other block Γ
(II)
1/r5 consists of the rest of the terms of 1/r
5 effective action. They
are written with extra number of commutators compared to (4.15). We do not present
all the terms explicitly, but give an example. The part which contain six Xˆa’s (and no
derivatives or fermions) takes the form
Γ
(II)
1/r5 |Xˆ6a = −
3N4
2r5
∫
dt
{
− 1
24λ
Tr([Xˆa, [Xˆb, Xˆc]][Xˆa, [Xˆb, Xˆc]]) (4.16)
+
1
12λ
Tr([Xˆb, [Xˆa, Xˆc]][Xˆa, [Xˆb, Xˆc]])− 1
24λ
Tr([Xˆa, [Xˆa, Xˆc]][Xˆb, [Xˆb, Xˆc]])
}
.
Criterion for discriminating Γ
(I)
1/r5 and Γ
(II)
1/r5 is given by the following number associated
with each term:
n = d+
1
2
nθ + nc. (4.17)
Here, d is the number of derivatives, nθ is the number of fermions and nc is the number of
commutators in the symmetrized trace. (Symmetrization is applied regarding the commu-
tator as a single unit.) Under δ(0)S(1), the number n is preserved (uniformly increase by
1/2) as we see from the transformation law (2.4), (2.5). Also, terms in δ(1)S0 are classified
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in the same way. Thus, terms which are connected by SUSY transformation must have
the same n. The first two terms of the RHS of (4.17) is called the ‘order’ [18] and used
to specify the SUSY invariants in the case of abelian v.e.v. Our discussion here is the
non-abelian generalization of that concept. Terms in Γ1/r3 , Γ1/r4 and Γ
(I)
1/r5 have n = 2,
and terms in Γ
(II)
1/r5 have n = 4.
We note here that the bosonic terms in Γ1/r3 , Γ1/r4 and Γ
(I)
1/r5 are the ones which result
from the Taylor and Van Raamsdonk’s proposal when we apply it to L5-brane background.
We can see that the proposed currents which couple to SUGRA fields have n = 2, from
the explicit forms in ref.[1, 16]. Bosonic terms of the matrix expressions for multipole
moments are obtained from the currents by inserting Xˆi with symmetric ordering, thus
also have n = 2. For a detailed description of the Taylor and Van Raamsdonk’s proposal
applied to the present background, see our previous paper [16].
We also note that the fermionic terms in Γ1/r3 , Γ1/r4 and Γ
(I)
1/r5 are not of the same
forms as the ones arising from the above proposal, which is based on the analysis of BFSS
model. Whether the two forms of the fermionic terms are physically equivalent or not is
not clear at present.
5 Discussion
We have calculated the one-loop effective action of Berkooz-Douglas Matrix theory by
integrating out the 0-4 sector fields. Extending the analysis of ref.[16], we obtained the
fermionic part of the effective action of multiple D0-branes in the longitudinal 5-brane
background. As we have seen in section 4, the action is manifestly invariant under an
effective SUSY transformation, which is the consequence of the SUSY invariance of the
classical action of BD Matrix theory. The transformation law is given by the expectation
value of the SUSY transformation of classical action evaluated at one-loop order. We
have studied the transformation law and identified the structure which are closed under
the effective SUSY transformation.
Primary motivation of our study is to understand the dynamics and the structure
of symmetries of this matrix model. In addition, we regard our analysis as a first step
towards constructing the supersymmetric action of multiple D-branes in the supergravity
backgrounds. We should note that from the 10D perspective, our model is nothing but
the SYM which takes into account only the lowest modes of open strings. Thus, the
effective action is guaranteed to be valid only when the distance between D0-branes and
D4-branes is short. However, some of the terms in the effective action continues to be
valid when the separation becomes large. It is well known that for the (∂tXˆ i)
2-term in the
14
abelian case, the SYM effective action gives exact results, due to the cancellation of the
open-string higher modes [19]. It may be the case that same kind of non-renormalization
properties exist for all the other n = 2 terms which we identified in section 4.2. Further
analysis of the terms in this class with higher orders in θ or 1/r should be important in
this regard.
Of course, to determine which terms of the SYM effective action is valid for large
separation, we must study the cylinder amplitudes between the branes, or prove non-
renormalization theorems in SYM. For the case of multiple branes, both of them are not
well-understood at present. Those are important subjects for future studies.
As mentioned in the introduction, κ-symmetric Born-Infeld action for a single D-
brane can be written in arbitrary background, in principle. We will be able to understand
the structure of the supersymmetric action further by comparing the abelian part of
our effective action with the gauge-fixed Born-Infeld action of D0-branes in D4-brane
background. Especially, it will be interesting if the difference between the fermionic part
in the effective action of BD Matrix theory and the ones present in the proposal based on
the analysis of BFSS model is explained by a difference in the gauge choice for κ-symmetry.
Two-loop study of BD Matrix model should give important implications for the con-
nection between matrix models and gravity. In the first place, we must clarify to what
extent the Matrix theory reproduces supergravity result in the case of abelian matrix
background. Two-loop effective action will also shed light on the coupling of multiple
D-branes to non-weak background fields.
Finally, it is an interesting problem to find classical solutions of the effective action
which preserve SUSY. As argued by Myers [2], background 4-form field strength produced
by D4-branes should give rise to non-abelian configuration of D0-branes. It will be possible
to discuss the BPS property of those configurations from the effective action which we
have obtained.
Acknowledgements We would like to thank Y. Kazama, T. Muramatsu, N. Sakai and
T. Yoneya for discussions and comments.
A Convention for the representations of spinors and
gamma matrices
In this paper, we mainly use the complex 6D Weyl spinors. We summarize here our
conventions for spinors and gamma matrices. The fermions from the 0-0 sector are given
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by Majorana-Weyl spinors in 10D. We explain that the fermionic terms in S0 in (2.2) is
given from the familiar 10D notation by choosing an explicit representation.
We consider fermionic matrix field Θ which satisfy the 10D Majorana-Weyl condition
Γ¯(10)Θ = Θ, Θ† = B(10)Θ (A.1)
where Γ¯(10) = Γ0Γ1 · · ·Γ9 is the 10D chirality matrix, and B(10) is defined by
B(10)ΓMB(10)−1 = −ΓM ∗ (M = 0, . . . , 9)
We make the SO(5,1)×SO(4) decomposition of the 10D gamma matrices as follows.
Γµ = γµ ⊗ γˆ (µ = 0, 5, . . . , 9)
Γm = 1 ⊗ γˆm (m = 1, . . . , 4) (A.2)
where we have defined γˆ = γˆ1γˆ2γˆ3γˆ4. The SO(5,1) gamma matrices γµ have 8×8 compo-
nents and the SO(4) gamma matrices γˆm have 4×4 components. We further assume the
explicit representation for the SO(4) gamma matrices
γˆm =

 0 σm
−σ¯m 0

 (A.3)
where σi (i = 1, 2, 3) are Pauli matrices, and σ4 = i1 . We also define σ¯i = −σi and
σ¯4 = σ4.
The chirality in 10D is the product of 6D and 4D chiralities, and in the above repre-
sentation of gamma matrices,
Γ¯(10) = γ ⊗

 1 2×2 0
0 −1 2×2


where γ = γ0γ5 · · · γ9 is the 6D chirality matrix. Consequently, 10D Weyl spinor Θ is
decomposed into two pairs of 6D Weyl spinors
Θ =


θ+,1
θ+,2
θ−,1
θ−,2

 .
The matrix B(10) also allows the SO(5,1)×SO(4) decomposition
B(10) = B(6) ⊗ B(4)
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where B(6) and B(4) satisfy
B(6)γµB(6)−1 = −γµ∗, B(4)γˆmB(4)−1 = −γˆm∗.
We note here the relation for B(6)
B(6)T = −B(6), B(6)∗ = −B(6)−1
In the text, we omit the superscript (6) on B(6).
In the representation (A.3), B(4) is given by
B(4) =

 ǫ 0
0 ǫ

 where ǫ =

 0 1
−1 0

 ,
thus, 10D Majorana condition (A.1) in 10D becomes the SU(2) Majorana condition in
6D.
Θ† =


θ†+,1
θ†+,2
θ†−,1
θ†−,2

 =


B(6)θ+,2
−B(6)θ+,2
B(6)θ−,2
−B(6)θ−,1


Since we prefer using unconstrained fermions to perform the loop calculations, we
explicitly eliminate half of the components of Θ (θ+,2 and θ−,2) using the SU(2) Majorana
conditions. That is, we take
Θ =


θ+
−B(6)∗θ†+
θ−
−B(6)∗θ†−

 . (A.4)
The fermionic part of the action in (2.2) is obtained from the 10D covariant form
1
gsℓs
∫
dtTr
( i
2
ΘΓ0D0Θ+
1
2λ
ΘΓi[Θ, Xi]
)
by taking the above representation of gamma matrices and substituting (A.4).
B Derivation of the SUSY invariance of the one-loop
effective action
The one-loop effective action of the BD Matrix theory is given by integrating out the 0-4
sector fields from the classical action S0[φ] + S5[φ, ϕ].
e−(S0[φ]+S
(1)[φ]) =
∫
Dϕ e−(S0[φ]+S5[φ,ϕ]) (B.1)
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Note that we denote the 0-0 sector fields by φ and 0-4 sector fields by ϕ, and that the
integration
∫
dτ is implicit throughout this appendix.
As a consequence of the SUSY invariance of the classical action, the following Ward
identity holds:
0 =
∫
Dϕ
(
δηφ
δS0[φ]
δφ
+ δηφ
δS5[φ, ϕ]
δφ
+ δηϕ
δS5[φ, ϕ]
δϕ
)
e−(S0[φ]+S5[φ,ϕ]) (B.2)
where δηφ and δηϕ are the classical SUSY transformations given in (2.4)-(2.7). We shall
denote the part of δηφ which contain only the 0-0 sector fields by δ
(0)
η φ, and the part
containing 0-4 sector fields by δ′ηφ.
We first note that the last term of (B.2) vanishes, for it is the infinitesimal form of the
invariance of the integral under the change of variables∫
Dϕ e−S5[φ,ϕ] =
∫
D(ϕ+ δϕ) e−S5[φ,ϕ+δϕ] =
∫
Dϕ e−S5[φ,ϕ+δϕ]
where we have taken into account the invariance of the measure.
The first term of (B.2) gives the variation of S0 with respect to the expectation value
of the classical SUSY transformation δφ (times e−(S0+S
(1)))
∫
Dϕ δηφδS0
δφ
e−(S0+S5) = (δ(0)η φ+ δ
(1)
η φ)
δS0[φ]
δφ
e−(S0[φ]+S
(1)[φ])
where
δ(1)η φ ≡
∫Dϕ δ′ηφ e−S5∫Dϕ e−S5 . (B.3)
Finally, if we evaluate the second term of (B.2) to the one-loop order, it reduces to
∫
Dϕ δηφδS5[φ, ϕ]
δφ
e−(S0[φ]+S5[φ,ϕ]) = δ(0)η φ
∫
Dϕ δS5[φ, ϕ]
δφ
e−(S0[φ]+S5[φ,ϕ]). (B.4)
For the present model, ∫
Dϕ δ′ηφ
δS5[φ, ϕ]
δφ
e−(S0[φ]+S5[φ,ϕ]) (B.5)
which would be present in the RHS of (B.4) has at least two loops, for
δ′ηφ
δS5[φ, ϕ]
δφ
is a four-point vertex as we see from the explicit forms of δ′φ (2.6) and S5 (2.3). We
further note that the RHS of (B.4) gives the variation of the one-loop effective action
(times e−(S0+S
(1))) as we see from
δS(1)
δφ
=
∫ Dϕ δS5
δφ
e−S5∫ Dϕe−S5
18
which results from the definition (B.1) of the effective action.
Taking these facts into account, to the one-loop order, (B.2) is rewritten as
0 = δ(0)η φ
δS0[φ]
δφ
+ δ(1)η φ
δS0[φ]
δφ
+ δ(0)η φ
δS(1)[φ]
δφ
(B.6)
which shows that the effective action S0 + S
(1) is invariant under effective SUSY trans-
formation δ(0)η φ+ δ
(1)
η φ.
We note that the present discussion is not directly applicable for showing the SUSY of
the effective action at 2-loop order and beyond. At these orders, (B.4) should no longer
be valid, due to the contribution from (B.5).
In addition, we remark here that our simple discussion which involve only the Ward
identity for the SUSY is due to the fact that the gauge fields (which belong to the 0-0
sector) are not integrated. When they are to be integrated, as in the case of the BFSS
model, analysis of the Ward identity for the SUSY plus the one for the gauge symmetry
is required for studying the invariance of the effective action under effective SUSY. It
is essentially due to the fact that the gauge fixing term and the ghost action breaks
SUSY. The formalism is developed in ref.[20] and explicit form of the effective SUSY
transformation laws for the one-loop effective action of BFSS model (for abelian v.e.v.)
is given in ref.[21].
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